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A b s t r a c t
V i s u a l i z a t i o n  u s e r s  a r e  i n c r e a s in g l y  i n  n e e d  o f  t e c h n iq u e s  
f o r  a s s e s s in g  q u a n t i t a t i v e  u n c e r t a i n t y  a n d  e r r o r  i n  t h e  i m ­
a g e s  p r o d u c e d .  S t a t i s t i c a l  s e g m e n t a t io n  a l g o r i t h m s  c o m p u t e  
t h e s e  q u a n t i t a t i v e  r e s u l t s ,  y e t  v o l u m e  r e n d e r i n g  t o o l s  t y p i ­
c a l l y  p r o d u c e  o n l y  q u a l i t a t i v e  im a g e r y  v i a  t r a n s f e r  f u n c t i o n -  
b a s e d  c la s s i f i c a t io n .  T h i s  p a p e r  p r e s e n t s  a  v i s u a l i z a t i o n  
t e c h n i q u e  t h a t  a l lo w s  u s e r s  t o  i n t e r a c t i v e l y  e x p l o r e  t h e  u n ­
c e r t a in t y ,  r i s k ,  a n d  p r o b a b i l i s t i c  d e c i s io n  o f  s u r f a c e  b o u n d ­
a r ie s .  O u r  a p p r o a c h  m a k e s  i t  p o s s ib le  t o  d i r e c t l y  v i s u a l ­
iz e  t h e  c o m b in e d  ”  f u z z y ”  c l a s s i f i c a t i o n  r e s u l t s  f r o m  m u l t i ­
p le  s e g m e n t a t io n s  b y  c o m b in in g  t h e s e  d a t a  i n t o  a  u n i f i e d  
p r o b a b i l i s t i c  d a t a  s p a c e .  W e  r e p r e s e n t  t h i s  u n i f i e d  s p a c e ,  
t h e  c o m b i n a t i o n  o f  s c a la r  v o lu m e s  f r o m  n u m e r o u s  s e g m e n ­
t a t i o n s ,  u s i n g  a  n o v e l  g r a p h - b a s e d  d i m e n s i o n a l i t y  r e d u c t i o n  
s c h e m e .  T h e  s c h e m e  b o t h  d r a m a t i c a l l y  r e d u c e s  t h e  d a t a s e t  
s iz e  a n d  is  s u i t a b le  f o r  e f f i c ie n t ,  h i g h  q u a l i t y ,  q u a n t i t a t i v e  
v i s u a l i z a t i o n .  L a s t l y ,  w e  s h o w  t h a t  t h e  s t a t i s t i c a l  r i s k  a r i s ­
i n g  f r o m  o v e r l a p p in g  s e g m e n t a t io n s  is  a  r o b u s t  m e a s u r e  f o r  
v i s u a l i z i n g  f e a t u r e s  a n d  a s s ig n in g  o p t i c a l  p r o p e r t i e s .
K e y w o r d s :  v o l u m e  v i s u a l i z a t i o n ,  u n c e r t a i n t y ,  c la s s i f ic a ­
t i o n ,  r i s k  a n a ly s is
1  I n t r o d u c t i o n
V o lu m e  v i s u a l i z a t i o n  e n d e a v o r s  t o  p r o v id e  m e a n i n g f u l  i m ­
a g e s  o f  f e a t u r e s  ”  e m b e d d e d ”  i n  d a t a .  T h e r e  h a s  b e e n  a  s ig ­
n i f i c a n t  a m o u n t  o f  r e s e a r c h  o v e r  t h e  p a s t  1 7  y e a r s  o n  p r o ­
v i d i n g  v i s u a l i z a t i o n  o f  v o l u m e  d a t a  [4 , 6 ,  1 7 ,  1 9 ] .  I n t e r a c t i v e  
v o l u m e  v i s u a l i z a t i o n  s t r i v e s  t o  a l l o w  t h e  u s e r  t o  h i g h l i g h t  f e a ­
t u r e s  o f  in t e r e s t  i n  t h e  v o l u m e  d a t a ,  s u c h  a s  m a t e r i a l  b o u n d ­
a r ie s  o r  d i f f e r e n t  t i s s u e  t y p e s .  S u c h  f e a t u r e s  a r e  d e p e n d e n t  
o n  a  n u m b e r  o f  f a c t o r s :  t h e  k i n d  o f  d a t a ,  d o m a i n  s p e c i f i c  
k n o w le d g e ,  a n d  t h e  u s e r ’ s s e m a n t ic s .  S i m u l t a n e o u s l y ,  t h e r e  
h a s  b e e n  p r o g r e s s  t o w a r d s  c la s s i f y in g  f e a t u r e s  f r o m  v o l u m e t ­
r i c  d a t a  [5 ,  7 , 2 1 ] .  W h i l e  s e g m e n t a t io n  is  n o t  c o n s id e r e d  t o  
b e  a  s o lv e d  p r o b l e m ,  t h e r e  e x i s t  m a n y  d i f f e r e n t  m e t h o d s  f o r  
s e g m e n t in g  v o l u m e  d a t a  [1 0 ] .
T h e  d e m a n d  f o r  m o r e  q u a n t i t a t i v e  m e a s u r e s  i n  v i s u a l ­
i z a t i o n  h a s  g r o w n  b o t h  w i t h i n  t h e  v i s u a l i z a t i o n  c o m m u n i t y  
a n d  w i t h  t h e  u s e r s  o f  v i s u a l i z a t i o n  t o o ls .  I n  v o l u m e  r e n ­
d e r in g  a p p l i c a t i o n s ,  t r a n s f e r  f u n c t i o n s  h a v e  t y p i c a l l y  b e e n  
u s e d  f o r  b o t h  c la s s i f i c a t i o n  a n d  a s s ig n m e n t  o f  o p t i c a l  p r o p ­
e r t i e s .  H o w e v e r ,  u s i n g  t r a n s f e r  f u n c t i o n s  f o r  c la s s i f i c a t i o n  
l i m i t s  t h e  u s e r ’ s a b i l i t y  t o  c h a n g e  t h e  t y p e  o f  c la s s i f i c a t i o n  
t h a t  o c c u r s  a n d  d o e s  n o t  p r o v id e  a n y  q u a n t i f i a b l e  m e a s u r e  
o f  u n c e r t a in t y .  T r a n s f e r  f u n c t i o n s  a ls o  t e n d  t o  b e  u n i n t u i t i v e  
t o  u s e  a n d  d o  n o t  p r o v id e  t h e  u s e r  w i t h  a  c le a r  c o n c e p t  o f  
h o w  c la s s i f i c a t i o n  is  b e i n g  p e r f o r m e d  o n  t h e  d a t a .
S t a t i s t i c a l  c la s s i f i c a t i o n  a n d  s e g m e n t a t io n  m e t h o d s  i n c o r ­
p o r a t e  a  p r o b a b i l i s t i c  m o d e l  o f  t h e  d a t a  a n d  f e a t u r e  b e h a v -
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B) Unsupervised Probabilistic Classification
Figure 1: A comparison of transfer function-based classification ver­
sus data-specific probabilistic classification. Both images are based 
on T1 MRI scans of a human head and show fuzzy classified white- 
matter, gray-matter, and cerebro-spinal fluid. Subfigure A shows the 
results of classification using a carefully designed 2D transfer func­
tion based on data value and gradient magnitude. Subfigure B shows 
a visualization of the data classified using a fully automatic, atlas- 
based method that infers class statistics using minimum entropy, 
non-parametric density estimation [21],
io r s ,  a  s o p h i s t i c a t e d  n o t i o n  o f  s p a t i a l  l o c a l i t y ,  a s  w e l l  a s  t h e  
a b i l i t y  f o r  t h e  u s e r  t o  i n p u t  t h e i r  e x p e r t i s e .  I n t e r a c t i o n  w i t h  
t h i s  k i n d  o f  p r o b a b i l i s t i c  d a t a  a n d  d e c i s io n  r u le s  c a n  p r o v id e  
e a c h  u s e r  t h e  a b i l i t y  t o  d e f in e  w h a t  i n f o r m a t i o n  is  i m p o r t a n t  
t o  h i s / h e r  p a r t i c u l a r  t a s k  a s  p a r t  o f  t h e  v i s u a l i z a t i o n .
I n  t h i s  p a p e r ,  w e  p r o p o s e  a  s y s t e m  t h a t  p r o v id e s  t h e  
u s e r  a c c e s s  t o  t h e  q u a n t i t a t i v e  i n f o r m a t i o n  c o m p u t e d  d u r ­
i n g  f u z z y  s e g m e n t a t io n .  T h e  d e c i s io n  m a k i n g  s t e p  o f  c la s ­
s i f i c a t i o n  is  d e f e r r e d  u n t i l  r e n d e r  t i m e ,  a l l o w i n g  t h e  u s e r  
f i n e r  c o n t r o l  o f  t h e  ” i m p o r t a n c e ”  o f  e a c h  c la s s .  U n f o r t u ­
n a t e l y ,  p o s t p o n i n g  t h i s  d e c i s io n  r e s u l t  c o m e s  a t  t h e  c o s t  o f  
in c r e a s e d  m e m o r y  c o n s u m p t io n .  T o  a c c o m o d a t e  t h i s  m e m ­
o r y  u s e ,  w e  p r o p o s e  a  d a t a  d i m e n s i o n a l i t y  r e d u c t i o n  ( D D R )  
s c h e m e  t h a t  is  d e s ig n e d  t o  a c c u r a t e l y  r e p r e s e n t  p r e - c la s s i f i e d  
o r  s e g m e n t e d  d a t a  f o r  v i s u a l i z a t i o n .  T h i s  a p p r o a c h  a l lo w s  
d a t a  t o  b e  c la s s i f ie d  u s i n g  t h e  m o s t  a p p r o p r i a t e  f u z z y  s e g ­
m e n t a t i o n  m e t h o d ,  w h i l e  u t i l i z i n g  e x i s t i n g  v o l u m e  v i s u a l ­
i z a t i o n  t e c h n iq u e s .  W e  a ls o  s h o w  t h a t  s t a t i s t i c a l  r i s k  is  a  
r o b u s t  m e a s u r e  f o r  v i s u a l i z i n g  f e a t u r e s  a n d  a s s ig n in g  o p t i c a l  
p r o p e r t ie s .
2  P r e v i o u s  W o r k
T h e r e  h a s  b e e n  a n  e n o r m o u s  n u m b e r  o f  p u b l i c a t i o n s  o n  
b o t h  v o l u m e  v i s u a l i z a t i o n  a n d  c la s s i f i c a t i o n / s e g m e n t a t i o n .  
A  c o m p r e h e n s i v e  o v e r v ie w  is  o u t s id e  t h e  s c o p e  o f  t h i s  p a p e r .  
F o r  a n  e x t e n s i v e  o v e r v ie w  o f  v o l u m e  r e n d e r i n g ,  t h e  r e a d e r  is  
r e f e r e d  t o  a n  e x c e l le n t  s u r v e y  b y  K a u f m a n  a n d  M u e l l e r  [1 3 ] .  
T h e  b o o k  b y  D u d a  e t  a l .  p r o v id e s  a  s o l i d  i n t r o d u c t i o n  t o  
t h e  t o p i c  o f  s t a t i s t i c a l  c l a s s i f i c a t i o n  a n d  s e g m e n t a t io n  [5 ].  
S t a l l i n g  e t  a l .  d e m o n s t r a t e  t h e  u t i l i t y  o f  f u z z y  p r o b a b i l i s t i c  
c l a s s i f i c a t i o n  f o r  c r e a t i n g  s m o o t h ,  s u b - v o x e l  a c c u r a t e  m o d e ls  
a n d  v i s u a l i z a t i o n  [2 0 ] .
U s i n g  t r a n s f e r  f u n c t i o n s  f o r  v o l u m e  r e n d e r in g  in v o lv e s
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m a p p in g  d a t a  v a lu e s  to  o p t ic a l  p ro p e r t ie s  s u c h  as c o lo r  a n d  
o p a c ity  [17, 4]. T ra n s fe r  f u n c t io n  d e s ig n  is a  d if f ic u lt  p r o ­
cess, e s p e c ia lly  w h e n  fe a tu re s  a re  in d is t in g u is h a b le  b a s e d  o n  
d a t a  v a lu e  a lo n e . A s  s u c h , researchers  h a v e  in v e s t ig a te d  a u g ­
m e n t in g  t h e  d o m a in  o f  th e  tr a n s fe r  f u n c t io n  w i t h  d e r iv a t iv e  
in f o r m a t io n  to  b e t t e r  d is a m b ig u a t e  h o m o g e n e o u s  m a te r ia ls  
a n d  th e  b o u n d a r ie s  b e tw e e n  t h e m  [14, 15].
L a id la w  d e m o n s t r a t e d  th e  e ffec tiveness  o f  c la s s if ic a t io n  
te c h n iq u e s  t h a t  d e f in e  a n  e x p l ic i t  m a te r ia l  m ix tu r e  m o d e l  
a n d  in c o r p o ra te  a  fe a tu r e  sp ace  t h a t  in c lu d e s  s p a t ia l  n e ig h ­
b o r h o o d  in f o r m a t io n  [16]. R e c e n t ly , a  n u m b e r  o f  v is u a l iz a ­
t io n  re se a rch  e ffo rts  h a v e  b e g u n  t o  le ve rage  h ig h  q u a l i t y  c las ­
s if ic a t io n  te c h n iq u e s  to  e n h a n c e  t h e  exp ress iveness  o f  t r a n s ­
fer f u n c t io n  d e s ig n . B a ja j  et al. s h o w  h o w  s ta t is t ic a l  a n a ly s is  
c a n  d r iv e  th e  c r e a t io n  o f  t r a n s fe r  f u n c t io n  lo o k u p  ta b le s  [1]. 
T z e n g  et al. d e m o n s t r a te  tw o  k in d s  o f  b in a r y  d is c r im in a n t  
c lass ifie rs  fo r  t r a n s fe r  f u n c t io n  s p e c if ic a t io n  u s in g  a r t i f ic ia l  
n e u r a l n e tw o rk s  a n d  s u p p o r t  v e c to r  m a c h in e s  [24]. T h e ir  
a p p r o a c h  i l lu s t r a te s  t h e  b e n e f its  o f  a  r o b u s t  fe a tu r e  sp ace  
in c lu d in g  lo c a l s p a t ia l  in f o r m a t io n .  I n  la te r  w o rk , T z e n g  
et al. u t i l i z e  a  c lu s te r- b ased  d is c r im in a n t  a n d  d iscu ss  th e  
im p o r ta n c e  o f  fu z z y  c la s s if ic a t io n  w i t h  re sp e c t to  m a te r ia l  
b o u n d a r ie s  [25].
O th e r s  ta k e  a  d if fe re n t a p p r o a c h  in  d e a l in g  w i t h  th e  d if ­
f ic u lt ie s  o f  t r a n s fe r  fu n c t io n - b a s e d  c la s s if ic a t io n  a n d  c o lo r  
m a p p in g  b y  s e p a r a t in g  c la s s if ic a t io n  f r o m  th e  tr a n s fe r  f u n c ­
t io n  e n tire ly . T ie d e  et al. d e s c r ib e  a  te c h n iq u e  fo r  v o lu m e  
re n d e r in g  attributed o r  ta g g e d  d a t a  t h a t  s m o o th e s  fe a tu re  
b o u n d a r ie s  b y  a n a ly z in g  th e  r e la t io n s h ip  b e tw e e n  th e  ta g s  
a n d  o r ig in a l  s c a la r  d a t a  [23]. H a d w ig g e r  et al. a n d  V io la  et 
al. d e s c r ib e  te c h n iq u e s  fo r  r e n d e r in g  t a g g e d  d a t a  t h a t  ex­
te n d s  th e  a p p r o a c h  o f  T ie d e  u s in g  a  s o p h is t ic a te d  h a r d w a re  
a c c e le ra te d  s y s te m  a n d  n o v e l r e n d e r in g  m o d a l i t ie s  fo r  p re ­
c la ss if ie d  o r  s e g m e n te d  d a t a  [9, 26]. B o n n e l l  et al. d e s c r ib e  a 
m e th o d  fo r  t h e  g e o m e tr ic  e x t r a c t io n  o f  fe a tu re s  re p re se n te d  
in  d a t a  w i t h  v o lu m e - fr a c t io n  in f o r m a t io n  [2].
T h e re  h a s  b e e n  a  re cen t c a l l  f r o m  w i t h in  th e  v is u a l iz a ­
t io n  c o m m u n i ty  fo r  v is u a l iz a t io n  te c h n iq u e s  t h a t  p r o v id e  a 
r ig o ro u s  t r e a tm e n t  o f  u n c e r ta in ty  a n d  e rro r  in  th e  im ag e s  
t h e y  p r o d u c e  [12]. G r ig o r y a n  a n d  R h e il ig e n s  p re se n t a  p o in t-  
b a s e d  a p p r o a c h  fo r  r e p re s e n t in g  s p a t ia l  u n c e r ta in ty  in  seg­
m e n te d  d a t a  [8]. W h i t t e n b r in k  et al. d e s c r ib e  h o w  g e o m e tr ic  
g ly p h s  c a n  b e  u s e d  t o  express u n c e r ta in ty  in  v e c to r  v a lu e d  
d a t a  fie ld s  [27].
A  n u m b e r  o f  d im e n s io n a l i ty  r e d u c t io n  te c h n iq u e s  h a v e  
b e e n  d e v e lo p e d  t o  e ith e r  d e te c t lo w - d im e n s io n a l fe a tu re  
m a n i fo ld s  in  a  h ig h  d im e n s io n a l  d a ta - s p a ce  o r  re d u ce  th e  
d im e n s io n a l i ty  o f  th e  d a ta- s p a ce  w h ile  p re se rv in g  r e la t io n ­
s h ip s  b e tw e e n  d a t a  s a m p le s . P r in c ip a l  c o m p o n e n t  a n a ly s is  
a n d  in d e p e n d e n t  c o m p o n e n t  a n a ly s is  a re  e x a m p le s  o f  l in ­
e a r  d im e n s io n a l i ty  r e d u c t io n  [5]. I S O M A P  a n d  L o c a l  L in ­
e a r  E m b e d d in g  a re  e x a m p le s  o f  n o n - lin e a r  m a n i f o ld  le a r n in g  
te c h n iq u e s  t h a t  a t t e m p t  t o  ’’ f la t t e n  o u t ” a  sp a rse ly  s a m p le d  
m a n i f o ld  e m b e d d e d  in  a  h ig h e r  d im e n s io n a l  s p a c e  w h ile  p re ­
s e rv in g  th e  g e o d e s ic  d is ta n c e  b e tw e e n  p o in ts  [18, 22],
3  G e n e r a l  S t a t i s t i c a l  C l a s s i f i c a t i o n
C la s s if ic a t io n  o f  im a g e  d a t a  in  e ith e r  2 D  o r  3 D  is a  s p e c ia l 
case  o f  a  m o re  g e n e ra l d a t a  c la s s if ic a t io n . S in c e  n e a r ly  a l l  
im a g e  d a t a  s h a re  th e  c h a r a c te r is t ic  t h a t  s a m p le s  a re  s p a t ia l ly  
c o r re la te d , th e  ’’ fe a tu re  s p a c e ” fo r  im a g e  d a t a  c la s s if ic a t io n  
in c lu d e s  n o t  o n ly  d a t a  v a lu e s , b u t  a ls o  s p a t ia l  r e la t io n s h ip s .
R a t h e r  t h a n  d is c u s s in g  a  sp e c if ic  c la s s if ic a t io n  s c h e m e  fo r 
im a g e  d a t a ,  w e  w o u ld  l ik e  t o  fo cu s  o n  th e  m o re  g e n e ra l s ta ­
t is t ic a l  c la s s if ic a t io n  p rocess  a n d  its  a p p l ic a t io n  t o  v is u a l iz a ­
t io n .  T h e re  a re  five  b a s ic  e le m e n ts  o f  th e  s ta t is t ic a l  c la ss i­
f ic a t io n  p rocess  t h a t  n e e d  t o  b e  c o n s id e re d  w h e n  d e s ig n in g
a  c lass ifie r : fe a tu re  se le c tio n , c la ss if ie r  s e le c tio n , p a r a m e te r  
e s t im a t io n ,  c lass c o n d it io n a l  p r o b a b i l i t y  e s t im a t io n ,  a n d  d e ­
c is io n  a n d  r is k  a n a ly s is . T h e  r e m a in d e r  o f  th is  s e c t io n  covers 
a  s t a t is t ic a l  f r a m e w o rk  fo r  im a g e  d a t a  c la s s if ic a t io n  fo r  u se  in  
v is u a l iz a t io n  a p p l ic a t io n s  a n d  d e s c r ib e s  e a c h  o f  th e se  s te ps  
in  f u r th e r  d e ta i l .
3 .1  F e a t u r e  S e l e c t i o n
T h e  f irs t  s te p  in  c la s s ify in g  d a t a  is to  d e c id e  w h a t  fe a tu re s  
s h o u ld  b e  id e n t if ie d  a n d  s u b s e q u e n t ly  v is u a l iz e d . T h e  fe a ­
tu re s  a re  th e  d if fe re n t c lasses t h a t  e x is t i n  th e  d a t a ,  w h ic h  
we w i l l  id e n t ify  as u r e p r e s e n t i n g  p h y s ic a l ite m s  s u c h  as 
w h ite  m a t t e r  a n d  g r a y  m a t t e r  in  M R I  b r a in  d a t a ,  o r  m o re  
a b s t r a c t  p h e n o m e n a  lik e  w a r m  a n d  c o ld  a ir-m asses in  n u ­
m e r ic a l w e a th e r  s im u la t io n .
3 .2  C l a s s i f i e r  S e l e c t i o n
B e fo re  fe a tu re s  c a n  b e  c la ss if ie d , i t  is ne cessa ry  to  u n d e r ­
s t a n d  h o w  th e y  a re  re p re se n te d  b y  th e  ra w  im a g e  d a t a .  F o r  
s c a n n e d  im a g e  d a t a ,  e.g. M R I  o r  C T ,  th e re  a re  se v e ra l as ­
s u m p t io n s  c o m m o n ly  m a d e  w i t h  re sp e c t t o  fe a tu re s  in  th e  
a c q u ir e d  s ig n a l . T h e se  a s s u m p t io n s  c a n  h e lp  g u id e  t h e  c o n ­
s t r u c t io n  o f  a  s ta t is t ic a l  fe a tu re  m o d e l.  O n e  c o m m o n  as­
s u m p t io n  is t h a t  d is c re te  m a te r ia ls  t e n d  t o  g e n e ra te  n e a r ly  
c o n s ta n t  s c a n n e d  v a lu e s , i.e. i f  tw o  s a m p le s  c o m e  f r o m  th e  
s a m e  m a te r ia l ,  t h e ir  s ig n a l in te n s it ie s  s h o u ld  b e  th e  s am e . 
I t  is a s s u m e d  t h a t  d a t a  s a m p le  v a lu e s  a re  d e g r a d e d  o r  p e r ­
t u r b e d  b y  a n  in d e p e n d e n t  n o ise  so u rc e  d u e  to  t h e r m a l  v a r i­
a t io n  a n d  e le c tro - m a g n e t ic  in te r fe re n ce . I f  t h e  n o ise  m o d e l  
c a n  b e  a d e q u a te ly  c h a r a c te r iz e d  as a  p r o b a b i l is t ic  d is t r ib u ­
t io n ,  i t  d ic ta te s  th e  e x p e c te d  v a r ia t io n  o f  d a t a  v a lu e  fo r  a  
lo c a lly  h o m o g e n e o u s  m a te r ia l .  B e c a u se  d a t a  is o n ly  a v a il­
a b le  in  a  d is c re te  fo rm , i t  is a ls o  a s s u m e d  t h a t  t h e  s ig n a l 
is b a n d  l im i t e d  a n d  t h a t  th e  s a m p le  v a lu e s  a re  m ix tu r e s  o f  
d is c re te  m a te r ia ls  n e a r  t h a t  s a m p le . T h is  a s s u m p t io n  o f  p a r ­
t i a l  v o lu m e  effects a llo w s  o n e  t o  p r e d ic t ,  o r  m o d e l ,  h o w  d a t a  
v a lu e s  fo r  m u l t ip le  classes m ix  n e a r  b o u n d a r ie s . I f  fo r  n o  
o th e r  re a so n , p a r t ia l  v o lu m e  effects a lo n e  s u g g e s t t h a t  a- 
priori, d is c re te  c lass a s s ig n m e n t  o f  d a t a  s a m p le s  is a  p o o r  
ch o ice  fo r  r e p re s e n t in g  c la s s if ie d  d a t a .  T h a t  is, p a r t ia l  v o l­
u m e  e ffects  in d ic a te  t h a t  t h e  c la s s if ic a t io n  o f  d a t a  s a m p le s  
n e a r  fe a tu re  b o u n d a r ie s  is in h e r e n t ly  fu z zy .
3 .3  P a r a m e t e r  E s t i m a t i o n
I f  t h e  fe a tu re  m o d e l  is p a r a m e t r ic  th e  n e x t  s te p  is t h e  e s ti­
m a t io n  o f  th e  m o d e l  p a r a m e te rs . F o r  in s ta n c e , i f  m a te r ia ls  
a re  re p re se n te d  as G a u s s ia n  d is t r ib u t io n s ,  i t  is ne cessa ry  to  
id e n t ify  th e  m e a n  a n d  s t a n d a r d  d e v ia t io n  fo r e a c h  o f  th e  
m a te r ia ls  t o  b e  c la ss if ie d .
N o t  a l l  fe a tu re  m o d e ls  a re  p a r a m e t r ic  how ev e r , i.e. th e re  
m a y  n o t  b e  a n  e x p l ic i t ,  a-priori m o d e l  fo r  w h ic h  t o  e s t im a te  
p a ra m e te rs . F o r  in s ta n c e , c o n s id e r  a n  a r t i f ic ia l  n e u r a l n e t ­
w o rk  as a  c lass if ie r . W i t h  th is  ty p e  o f  c la ss if ie r , t h e  m o d e l  
a n d  its  p a r a m e te r s  a re  im p l ic i t ,  a n d  m u s t  b e  in fe r re d  f r o m  
a  t r a in in g  se t. T h e  t r a in in g  se t is a  se t o f  s a m p le s  a n d  th e  
a s s o c ia te d  c lass m e m b e r s h ip s  id e n t if ie d  b y  a  use r , w h ic h  are  
u s e d  t o  “te a c h ” th e  c la ss if ie r  t h e  r e la t io n s h ip s  b e tw e e n  fea­
t u r e  v e c to rs  ( d a t a  v a lu e s ) a n d  classes. A  t r a in in g  se t m ig h t  
a lso  b e  u s e d  as s e g m e n ta t io n  seed  p o in ts .
3 .4  C l a s s  P r o b a b i l i t y  E s t i m a t i o n
O n c e  a n  a p p r o p r ia te  fe a tu r e  m o d e l  h a s  b e e n  d e v e lo p e d  a n d  
p a r a m e te rs  id e n t if ie d  fo r  e a c h  fe a tu re  o f  in te re s t , i t  is p o s ­
s ib le  t o  c o m p u te  th e  c lass c o n d it io n a l  p r o b a b i l it ie s  fo r each  
s a m p le  in  th e  d a ta s e t .  W h e n  th e s e  p r o b a b i l it ie s  a re  c a l­
c u la te d  u s in g  o n ly  th e  g lo b a l  fe a tu re  m o d e l ,  w i t h  re sp ec t 
t o  i n d iv id u a l  s a m p le s  o r  fe a tu r e  v e c to rs  (x ) , w e  c a ll th is  
t h e  p r o b a b i l is t ic  l ik e l ih o o d  P(x\oji). W h a t  is w a n te d , h o w ­
ever, is th e  p o s te r io r  d is t r ib u t io n  P(oji\x), w h ic h  w e ig h s  th e
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l i k e l i h o o d  a g a in s t  o b s e r v e d  e v id e n c e  a n d  p r i o r  i n f o r m a t i o n .  
H a y e s  R u le  p r o v id e s  t h e  r e la t i o n s h i p  b e t w e e n  t h e  p o s t e r i o r  
d i s t r i b u t i o n  a n d  l i k e l i h o o d ,
P(uj,\x) = P(J M )P(^ )
2 Z i =  l
w h e r e  C  is  t h e  n u m b e r  o f  c la s s e s ,  P ( u j i ) is  t h e  p r i o r  p r o b ­
a b i l i t y  o f  c la s s  u j j ,  a n d  t h e  d e n o m i n a t o r  is  a  n o r m a l i z a t i o n  
f a c t o r  t h a t  in s u r e s  t h a t  =  i -
3 . 5  D e c i s i o n  a n d  R i s k  A n a l y s i s
C o n d i t i o n a l  r i s k  R ( u j j , x )  d e s c r ib e s  t h e  lo s s  i n c u r r e d  f o r  d e ­
c id in g  t h a t  a  s a m p le  x  b e lo n g s  t o  c la s s  b a s e d  o n  m u l t i p l e  




w h e r e  C  is  t h e  n u m b e r  o f  c la s s e s ,  ) is  t h e  r i s k  w e ig h t ,
w h i c h  e x p r e s s e s  t h e  c o s t  a s s o c ia t e d  w i t h  d e c i d in g  u j j  w h e n  
t h e  t r u e  s t a t e  o f  n a t u r e  is  u j j . T h e  o p t i m a l ,  d i s c r e t e  c la s s  
a s s ig n m e n t  r u l e  f o r  s o m e  f e a t u r e  s a m p le  x  is  t h e  u j j  t h a t  
m in i m i z e s  . . r ) .  a n d  is  c o m m o n ly  k n o w n  a s  t h e  H a y e s  
R i s k  o r  H a y e s  D e c is io n  R u le .
T h e  m a x i m u m  a - p o s t e r i o r i  d i s c r i m i n a n t ,  a ls o  k n o w n  a s  
t h e  ' ‘ 0 -1  r i s k "  d e c i s io n  r u le ,  is  c o m m o n ly  u s e d  w h e n  b u i l d ­
i n g  a  t a g  v o l u m e  f r o m  c la s s  c o n d i t i o n a l  p r o b a b i l i t i e s .  I t  is  
a  s p e c ia l  e a s e  i n  w h i c h  t h e  m i n i m u m  r i s k  c la s s  d e c i s io n  is  
s i m p l y  t h e  c la s s  w i t h  t h e  m a x i m u m  c o n d i t i o n a l  p r o b a b i l i t y .  
T h e  r i s k  w e ig h t s  i n  t h i s  e a s e  a r e ,
AU.-':) { \t]
T h e  r i s k  f u n c t i o n  b e c o m e s  s i m p l y  R ( u > - , , x )  =  1 — P ( u j i \x ).
A n o t h e r  c o n s t r u c t i v e  w a y  o f  r e a s o n in g  a b o u t  r i s k  is  t o  
c o n s id e r  w h a t  m i n i m u m  v a lu e  o f  w i t h  r e s p e c t  t o  x
w o u ld  b e  r e q u i r e d  t o  m a k e  c la s s  ui-i t h e  m i n i m u m  r i s k  c la s s .  
T h i s  c a n  b e  e x p r e s s e d  a s
x )  =  m a x  ( - ^ 7 —4 $ ' ' )  ( 4 )
j-i^ j \ P(uj,\x) J
W e  c a l l  t h i s  t h e  “ r i s k - r a t i o ’ ’ . F i g u r e  2  s h o w s  t h e  r e l a t i o n ­
s h i p  b e t w e e n  p r o b a b i l i t i e s  a n d  t h e i r  r a t i o s  f o r  a  I D  f e a ­
t u r e  s p a c e  ( x )  a n d  t w o  c la s s e s .  F o r  c o m p a c t n e s s  w e  d e n o t e  
P \ ( x )  =  P ( u j ] \ x )  a n d  P-2( x )  =  P ( u j -2\ x ) .  H e c a u s e  i t  is  o f t e n  
u s e f u l  t o  w o r k  i n  "  l o g - p r o b a b i l i t y *  s p a c e ,  F i g u r e  2  a ls o  p l o t s  
t h e  lo g  p r o b a b i l i t i e s  a n d  lo g  p r o b a b i l i t y  r a t i o s  ( lo g  r i s k  r a ­
t i o s ) .  F i g u r e  2 A  s h o w s  p l o t s  f o r  a  p a i r  o f  l i o i i - i i o r m a l i z e d  
d i s t r i b u t i o n s .  F i g u r e  2 H  s h o w s  t h e  p l o t s  f o r  t h e  n o r m a l i z e d  
d i s t r i b u t i o n s  b a s e d  o n  P i ( x )  a n d  p 2( x )  f r o m  F i g u r e  2 A .  N o ­
t i c e  t h a t  n e i t h e r  t h e  p r o b a b i l i t y  r a t i o  n o r  lo g  p r o b a b i l i t y  
r a t i o  is  c h a n g e d  b y  n o r m a l i z a t i o n .  A l s o  n o t i c e  t h a t  t h e  lo g  
r i s k - r a t i o s  h a v e  a  z e r o - c r o s s in g  a t  t h e  ' ‘0 - 1 ’ ' r i s k  b o u n d a r y ,  
d e n o t e d  b y  t h e  v e r t i c a l  l i n e  l a b e le d  B .  I n  t h e  f o l l o w i n g  s e c ­
t i o n ,  w e  w i l l  le v e r a g e  t h e  b e h a v io r  o f  t h e  lo g  r i s k  r a t i o  t o  
d e s ig n  a  c o n t i n u o u s  d i s c r i m i n a n t  f u n c t i o n  s u i t a b l e  f o r  v i s u ­
a l i z i n g  t h e  r e la t i o n s h ip s  b e t w e e n  m u l t i p l e  c la s s  p r o b a b i l i t i e s .
W h i l e  s p e c i f y i n g  o r  m a n i p u l a t i n g  t h e  A r i s k  w e ig h t  
f o r  e a c h  p a i r  o f  c la s s e s  is  e x t r e m e l y  u s e f u l  f o r  e x p l o r i n g  u n ­
c e r t a i n t y  i n  t h e  c la s s i f i c a t i o n ,  w e  h a v e  f o u n d  t h a t  i n  p r a c t i c e  
i t  is  o f t e n  t e d io u s  a n d  c u m b e r s o m e .  I n s t e a d ,  i t  is  p r e f e r ­
a b le  t o  s p e c i f y  a  w e ig h t  t h a t  d e s c r ib e s  t h e  ”  i m p o r t a n c e ”  o f  
a  c la s s .  F r o m  t h i s  w e ig h t  i t  is  p o s s ib le  t o  d e r i v e  t h e  r i s k  
w e ig h t  a s
AU.-V) { ^ /iL \t] (5)
w h e r e  /.t, is  a  u s e r  s p e c i f i e d  im p o r t a n c e  w e ig h t  f o r  c la s s  u j j .
Figure 2: A ID example of probabilistic boundary behavior. The 
graphs plot the relationship between probability, log-probability, prob­
ability ratio, and log-probability ratio in multi-class uncertainty anal­
ysis. Figure B shows these quantities for normalized probabilities.
4  V i s u a l i z i n g  C l a s s i f i e d  D a t a
O u r  a p p r o a c h  f o r  v i s u a l i z i n g  c la s s i f ie d  d a t a  a d v o c a t e s  d e ­
c o u p l i n g  t h e  f i r s t  f o u r  p r i m a r y  s t a g e s  o f  c l a s s i f i c a t i o n  f r o m  
t h e  t r a n s f e r  f u n c t i o n  a n d  d e f e r r i n g  t h e  f i n a l  s t e p ,  t h e  d e c i ­
s io n ,  u n t i l  a  s a m p le  is  r e n d e r e d .  T h i s  r e q u i r e s  t h e  f u z z y  c la s s  
p r o b a b i l i t i e s  t o  b e  i n c lu d e d  w i t h  t h e  d a t a  u s e d  f o r  r e n d e r in g .  
T h e  a d v a n t a g e  o f  u s in g  t h e  f u z z y  p r o b a b i l i t i e s  is  t h a t  t h e y  
i n t e r p o l a t e ,  u n l i k e  d i s c r e t e  c la s s  a s s ig n m e n t s ,  a n d  a l lo w  t h e  
t r a n s f e r  f u n c t i o n  d e s ig n  t o  b e  g r e a t l y  s im p l i f i e d .
4 . 1  C o l o r  M a p p i n g  M u l t i - C l a s s  P r o b a b i l i t i e s
F i g u r e  3  s h o w s  a  s im p l e ,  s y n t h e t i c  2 D  e x a m p le  t h a t  i l ­
l u s t r a t e s  v a r io u s  a p p r o a c h e s  f o r  c o l o r  m a p p i n g  b a s e d  o u  
c la s s  p r o b a b i l i t i e s  f r o m  a  r e a l i s t i c  c la s s i f ie r ,  is o - s u r f a c e s ,  a n d  
t r a n s f e r  f u n c t i o n - b a s e d  c la s s i f i c a t io n .  T h e  s im u l a t e d  r a w  
d a t a  ( F i g u r e  3 H )  w a s  c r e a t e d  b y  a s s ig n in g  a  u n i q u e  i n t e n ­
s i t y  v a lu e  t o  e a c h  o f  t h e  g e n e r a t e d  m a t e r i a l s  ( F ig u r e  3 A ) .  
r a s t e r i z i n g  t h e  m a t e r i a l s  i n t o  a  2 5 6 J im a g e ,  b l u r r i n g  t h e  i m ­
a g e ,  a n d  f i n a l l y  a d d in g  t h r e e  p e r c e n t  n o r m a l l y  d i s t r i b u t e d  
n o is e .  F i g u r e  3 C  s h o w s  f o u r  r e le v a n t  i s o - v a lu e  t h r e s h o ld s  
( T a k e n  a t  in t e r v a l s  b e t w e e n  t h e  c la s s  m e a n s )  a s  s u b im a g e s .  
T h e  p o s t e r i o r  c la s s  c o n d i t i o n a l  p r o b a b i l i t i e s  w e r e  e s t im a t e d  
u s in g  t h e  k n o w n  p a r a m e t e r s  ( F i g u r e  3 D ) ;  m e a n  d a t a  v a lu e ,  
n o is e  d i s t r i b u t i o n ,  a n d  a  n e i g h b o r h o o d  s iz e  p r o p o r t i o n a l  t o  
t h e  b l u r  k e r n e l .  F i g u r e  3 E  s h o w s  t h e  im a g e  c o l o r  m a p p e d  
b a s e d  o u  t h e  c la s s  w i t h  t h e  m a x i m u m  p r o b a b i l i t y  (0 -1  r i s k  
d e c i s io n ) ,  a s  is  o f t e n  d o n e  w h e n  g e n e r a t i n g  " t a g g e d  d a t a ” . 
F i g u r e  3 F  s h o w s  a  c o l o r  m a p p i n g  b a s e d  o u  c la s s  p r o b a b i l i ­
t i e s  g r e a t e r  t h a n  a  t h r e s h o l d  o f  0 . 5  f o r  a l l  c la s s e s ;  a l l  d a t a  
v a lu e s  c o n t a i n i n g  a  p r o b a b i l i t y  le s s  t h a n  0 . 5  a r e  s h o w n  a s  
b la c k .  F i g u r e  3 G  s h o w s  t h e  im a g e  w i t h  c o lo r s  w e ig h t e d  b y  
t h e  m i n i m u m  r e c i p r o c a l - r i s k - r a t i o ,  «>,• =  x ) ) .  N o ­
t i c e  t h a t  t h e  b o u n d a r ie s  a r e  c r i s p e r  t h a n  i n  t h e  p r o b a b i l i t y  
w e ig h t e d  e x a m p le  a n d  t h a t  t h e  v a r i a t i o n  i n  t h ic k n e s s  f o r  t h e  
l o o p  ( m a t e r i a l  e )  is  e a s ie r  t o  s e e . F i g u r e  311  s h o w s  a  c o l o r  
m a p p i n g  b a s e d  o u  t h e  0 -1  r i s k  d e c i s io n ,  w i t h  t h e  a d d i t i o n  o f  
t w o  im p o r t a n c e  w e ig h t e d  r i s k  d e c is io n s  f o r  m a t e r i a l  e , w h e r e  
f j,e =  I -1 5  a n d  f i e =  1 .5 . T h e  a d d i t i o n a l  m a x  r i s k - r a t i o s  w e r e  
b le n d e d  o v e r  t h e  c o l o r  m a p  w e ig h t e d  b y  I / f i e -  F i n a l l y  F i g ­
u r e  3 1  s h o w s  a  c o l o r  m a p p i n g  m a d e  u s in g  a  c a r e f u l l y  d e s ig n e d  
2 D  t r a n s f e r  f u n c t i o n ,  b a s e d  o u  d a t a  v a lu e  a n d  g r a d i e n t  m a g ­
n i t u d e .  H e c a u s e  g r a d i e n t  e s t i m a t i o n  is  h i g h l y  s e n s i t i v e  t o  
n o is e ,  t h e  2 D  t r a n s f e r  f u n c t i o n  p e r f o r m e d  q u i t e  p o o r l y  w i t h  
t h e  r a w  d a t a  ( t o p - r i g h t  s u b f i g u r e ) ,  e v e n  t h o u g h  t h e  g r a d i ­
e n t  w a s  e s t im a t e d  u s in g  t h e  d e r i v a t i v e  o f  a  c u b i c  b - s p l i n e  
k e r n e l ,  w h i c h  i m p l i c i t l y  b l u r s  t h e  d a t a .  T o  a c c o m m o d a t e  
f o r  t h e  n o is e ,  t h e  d a t a  w a s  p r e - p r o c e s s e d  u s in g  a  m e d ia n  f i l ­
t e r  w i t h  a  w i d t h  o f  f i v e  p i x e ls  b e f o r e  g r a d i e n t  c o m p u t a t i o n  
( F ig u r e  3 1 , b o t t o m - r i g h t  s u b f i g u r e ) .
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D) Probability weighted E) Tagged F) iso-probability, (0.5) 
MS*" - '«> - ■Mill
G) Risk weighted H) Risk contours
The benefit of this expression is that it places the decision 
boundary, with respect to class u^-, at Xi(x) = 0, with nega­
tive values indicating that class uJi is the minimum risk class, 
and positive values indicating that it is not. !t also has a 
more linear behavior than the probability ratio, and is in­
variant with respect to normalization (or any other uniform 
scaling) of the class conditional probabilities. For Gaussian 
distributions with the same standard deviation, this term 
is exactly the minimum decision boundary distance (in the 
feature space) scaled by 2||cj — <?j||, two times the distance 
between their means or centers. Figure 4 illustrates the be­
havior of this term for three different class distributions in 
a ID feature space (ar), with a varying importance term for 
class 2. Notice that in Figure 4C a small increase in //2 was 
able to make class 2 the minimum risk class, even though 
it would not have been using the maximum a -posteriori de­
cision rule, used in Figure 4A. The arrows below the plots 
indicate the range over which each class is the minimum risk 
decision. !n Figure 4R all three classes are the minimum risk 
at the origin.
p.'to-X
:} Z ' Pa(x)
—  . ►<
v j^(x)






Figure 3: A 2D example of probabilistic boundary behavior. A ) The 
synthetic dataset, consisting of five materials. B ) The raw dataset 
constructed from a blurred monochrome version of the synthetic 
dataset with noise added. C ) The four most relevant iso-value 
thresholds of the raw data as subimages. D ) An image colored based 
on the class conditional probabilities of the classified raw data. E )  A 
" max-probability" tagged image. F )  The data set color mapped 
based on a probability threshold of 0.5. G ) An image colored based 
the probability ratios (risk curves). H ) An image showing several risk 
contours for material "e". I )  Data color mapped using a carefully 
hand tuned 2D transfer function, based on raw data value and the 
gradient magnitude of the median filtered raw data.
4 . 2  R i s k - c e n t r i c  T r a n s f e r  F u n c t i o n s
Instead of taking a D  dimensional vector of raw-data val­
ues as input, a transfer function based on class conditional 
probabilities transforms a C  dimensional vector into the op­
tical properties needed for rendering, where C  is the number 
of classes. While it may seem appropriate to use the class 
conditional probabilities as input to the transfer function, 
as described in Section 3.5, the relationships between the in­
dividual posterior probabilities are best expressed in terms 
of risk. A reasonable choice is the C  dimensional risk vec­
tor, A (a?) = [Ao(.f)... Ac(.'?)]jl, where A i(x) = R(u>i,x) from 
Equation 2.
Unfortunately, this expression of risk does not provide 
much more information than the raw probabilities. Instead, 
it is preferable to use a discriminant function that we call 
the minimum decision boundary distance:
A i (x) : max log ( A(utj'uti
P i (
where we are using the short-hand Pi 
can be rewritten as 





In terms of importance weights the minimum decision 
boundary distance is the maximum over all j  i
Ai(£) = log(/ij) + log(Pj(f)) - log(/ii) - log(ft(£)) (8)
Figure 4: Behavior of the decision boundary distance function with 
respect to a varying importance term (mu).
Figure 5: Effect of varying the importance term for white matter in 
a classified brain dataset visualization.
Like iso-surfaces, risk surfaces, i.e. spatial decision bound­
aries, have a number of desirable properties; water tight, 
easy geometric extraction. Unlike iso-surfaces, risk sur­
faces can support interesting boundary configurations, non­
manifold 3-way and 4-way intersections, whereas iso-surfaces 
only support manifold 2-way interfaces.
5  R e p a r a m e t e r i z a t i o n
The increased storage size required for representing multiple 
fuzzy classified features is an important issue for interactive 
rendering. Most hardware based rendering platforms place 
hard restrictions on dataset size. Increased data size also 
has a dramatic effect on data access bandwidth, a prime 
concern for rendering efficiency, which is arguably a more 
pressing issue than memory capacity limitations.
To address the problems associated with increased data 
set size, we need a data-space transformation T(c t  s)?c ) —*■ 
9? with the following properties:
1 )  Reduces the dimensionality of the dataspace: P c C .
2 )  Invertible with minimal error; ||c — T 1(T(c))|| < e.
3 )  Encoded values can be interpolated prior to decode;
4 )  Decoding has minimal algorithmic complexity.
The criteria above describe a transformation, or encoding, 
of the data that effectively compresses the data, while allow­
ing the conditional probabilities to be reconstructed after the 
data has been resampled during rendering. While dimen­
sionality reduction (criterion I) helps us solve the problem
x
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Figure 6: Slices of classified datasets reparameterized into a 3D data- 
space, and their associated graphs. The color is generated by map­
ping the 3D data coordinates directly to RGB colors. Subfigure A 
shows a classified engine dataset, and Subfigure B shows the Brain- 
Web Phantom fuzzy classifed data [3].
o f  in c r e a s e d  s t o r a g e  a n d  b a n d w i d t h ,  t h e  c r i t e r i o n  o f  i n t e r p o ­
l a t i o n  p r i o r  t o  d e c o d e  ( 3 )  h e lp s  e l i m i n a t e  r e d u n d a n t  c o m p u ­
t a t i o n  d u r i n g  t h e  r e s a m p l i n g  a n d  g r a d i e n t  e s t i m a t i o n  s ta g e s  
o f  t h e  r e n d e r in g  p i p e l i n e .
5 . 1  G r a p h - b a s e d  D i m e n s i o n a l i t y  R e d u c t i o n  G D R
O u r  a p p r o a c h  m o d e ls  t h e  t r a n s f o r m a t i o n  ( T ( c ) )  a s  a  g r a p h  
l a y o u t  p r o b l e m ,  a n d  is  s i m i l a r  t o  w o r k  d o n e  i n d e p e n d e n t l y  b y  
I w a t a  e t  a l .  [11]. N o d e s  r e p r e s e n t  p u r e  c la s s e s ,  P(uJi\x) =  1, 
a n d  e d g e s  r e p r e s e n t  m i x t u r e s  o f  m u l t i p l e  c la s s e s .  O n c e  c o n ­
n e c t i v i t y  o f  t h e  g r a p h  is  k n o w n ,  i t  is  l a i d  o u t  i n  a  s p a c e  
w i t h  a  d i m e n s io n  P  o f  o u r  c h o o s in g ,  o p t i m i z i n g  t h e  s p a c in g  
b e t w e e n  n o d e s  s o  t h e r e  is  n o  o v e r la p  o f  e d g e s .  T h e  n o d e  lo ­
c a t io n s  a r e  t h e n  u s e d  a s  a  s p a r s e  d a t a  i n t e r p o l a t i o n  s y s t e m ,  
w h i c h  s e r v e s  a s  t h e  in v e r s e  m a p p i n g  T - 1 ( p ) . A l l  d a t a  s a m ­
p le s  c  a r e  t h e n  m a p p e d  t o  t h i s  p a r a m e t e r i z a t i o n  s p a c e  b y  
f i n d i n g  t h e  p o s i t i o n  p  t h a t  m in i m i z e s  t h e  d i f f e r e n c e  b e t w e e n  
T ^ x ( p )  a n d  c.  F i g u r e  6  i l l u s t r a t e s  t h i s  m e t h o d  a p p l i e d  t o  2  
c la s s i f ie d  d a t a s e t s  u s in g  a  3 D  r e p a r a m e t e r i z a t i o n .
5 .1 .1  G r a p h  C o n s t r u c t i o n
G r a p h  c o n s t r u c t i o n  b e g in s  w i t h  i d e n t i f y i n g  e d g e  w e ig h t s  d j  
f o r  e a c h  p a i r  o f  c la s s  n o d e s  M i  a n d  M j .  E d g e  w e ig h t  is  t h e  
c o v a r ia n c e  o f  t h e  c la s s  p r o b a b i l i t i e s  a s s u m in g  a  m e a n  o f  1 
f o r  e a c h  c la s s ,
y  P(uii |xk)P(coj |xk)
w h e r e  N  is  t h e  n u m b e r  o f  s a m p le s  i n  t h e  d a t a s e t .  I n  a d ­
d i t i o n  t o  t h e  p a i r - w i s e  c la s s  v a r ia n c e ,  w e  a r e  i n t e r e s t e d  i n  
i d e n t i f y i n g  h i g h e r  o r d e r  m i x t u r e s .  T o  d o  t h i s ,  a n  a d d i t i o n a l  
n o d e  is  a d d e d  t o  t h e  s y s t e m  f o r  a n y  s ig n i f i c a n t  h i g h e r  o r d e r  
m ix t u r e s .  T h e s e  n o d e s  h a v e  a n  a s s o c ia t e d  w e ig h t ,  n ,  t h a t  is  
t h e  h i g h e r  o r d e r  v a r ia n c e  f o r  t h e  m i x t u r e  t y p e  i t  r e p r e s e n t s .  
F o r  i n s t a n c e  t h e  t h r e e  w a y  m i x t u r e  v a r ia n c e  is
nij k
f e a t u r e s / c la s s e s  d o  n o t  t o u c h  i n  t h e  s p a t i a l  d o m a i n ;  t h i s  is  
a  p r o p e r t y  t h a t  o u r  d a t a  p a r a m e t e r i z a t i o n  m e t h o d  e x p l o i t s .
5 . 1 .2  G r a p h  L a y o u t
O n c e  t h e  e d g e  a n d  h i g h e r  o r d e r  n o d e  w e ig h t s  a r e  d e t e r m i n e d ,  
t h e y  a r e  n o r m a l i z e d  b a s e d  o n  t h e  m a x i m u m  w e ig h t .  T h e s e  
w e ig h t s  a r e  t h e n  u s e d  t o  c o m p u t e  p o t e n t i a l s  f o r  a  f o r c e  d i ­
r e c t e d  g r a p h  l a y o u t .  O u r  s o l v e r  t r e a t s  e d g e s  a s  s p r in g s  w i t h  
a  u n i t  n a t u r a l  l e n g t h ,  a n d  n o d e s  a s  c h a r g e d  p a r t i c l e s ,  w h i c h  
r e p e l  o n e  a n o t h e r .  T h e  s o l v e r  s e e k s  t o  m i n i m i z e  a n  e n e r g y  
f u n c t i o n  w i t h  r e s p e c t  t o  t h e  c la s s  n o d e s ,  w h ic h  a r e  p o s i t i o n s  
i n  a  P  d i m e n s io n a l  s p a c e ;
M M
t f c )  =  ' £  J 2  I IP
i —1 j —i + 1
w h e r e  C  is  t h e  n u m b e r  o f  c la s s e s ,  M  is  t h e  t o t a l  n u m b e r  
o f  n o d e s  i n  t h e  s y s t e m  i n c l u d i n g  t h e  h i g h e r  o r d e r  v a r ia n c e  
n o d e s ,  a n d  ( p ( M i , M j )  is  t h e  f o r c e  f u n c t i o n .  T h e  f i r s t  n o d e ,  
M i ,  is  c o n s t r a in e d  t o  t h e  o r i g i n  o f  t h e  a m b ie n t  s p a c e .  T h e  
n o d e s  r e p r e s e n t in g  h i g h e r  o r d e r  v a r ia n c e ,  M c + i  • • • M m , a r e  
c o n s t r a in e d  t o  t h e  a v e r a g e  p o s i t i o n  o f  t h e  c la s s  n o d e s  w h o s e  
v a r ia n c e  t h e y  r e p r e s e n t .  T h e  r o le  o f  t h e s e  n o d e s  is  t o  in s u r e  
t h a t  c la s s  n o d e  p la c e m e n t  d o e s  n o t  in t e r f e r e  w i t h  s p a c e s  t h a t  
r e p r e s e n t  i m p o r t a n t  f e a t u r e  m ix t u r e s .
T h e  f o r c e  f u n c t i o n ,  i p ( M i , M j ) ,  f o r  t h e  c h a r g e d  p a r t i c l e  a n d  
s p r i n g  e d g e  m o d e l  is ,
( p ( M i , M j )  =  (W||4| -  1 )  +  r a » r a j e x p ( - | | d | | 2 ) )  d
w h e r e  d  =  M i  — M j , a n d  n i  is  a  h i g h e r  o r d e r  v a r ia n c e  n o d e  
w e ig h t  o r  1 i f  M i  is  a  c la s s  n o d e .  I f  e i t h e r  o f  t h e  n o d e s  
r e p r e s e n t  a  h i g h e r  o r d e r  v a r ia n c e ,  t h e  e d g e  w e ig h t  e tJ is  0 . 
T h i s  f u n c t i o n  r e t u r n s  t h e  f o r c e  v e c t o r  w i t h  r e s p e c t  t o  n o d e  
M i .  I t  is  a n t i - s y m m e t r i c  w i t h  r e s p e c t  t o  t h e  o r d e r  o f  i t s  
p a r a m e t e r s ,  i . e .  ( p ( M i , M j )  =  — i p ( M j , M i ) .
5 . 1 .3  S p a r s e  D a t a  I n t e r p o l a t i o n  a n d  E n c o d in g
O n c e  w e  h a v e  l a i d  o u t  t h e  g r a p h  i n  o u r  t a r g e t  s p a c e ,  t h e  
c la s s  n o d e s  s e r v e  a s  f i d u c i a l s  f o r  a  s p a r s e  d a t a  i n t e r p o l a t i o n  
s c h e m e .  F o r  t h i s  w e  c h o o s e  G a u s s ia n  r a d i a l  b a s is  f u n c t i o n s .  
T h i s  s p a r s e  d a t a  i n t e r p o l a t i o n  s c h e m e  d e f in e s  a  m a p p i n g ,  
T _ 1 ( p ) ,  f r o m  o u r  e n c o d in g  s p a c e  b a c k  t o  t h e  C  d i m e n s io n a l  
p r o b a b i l i t y  s p a c e .  F o r  s o m e  p o i n t  p  i n  t h e  e n c o d in g  s p a c e ,  
t h e  c o r r e s p o n d i n g  v e c t o r  o f  c o n d i t i o n a l  p r o b a b i l i t i e s ,  c , is  
g i v e n  b y
e x P ( — | |p  — a / ; i i 2 )
E fe i^ p H lp - 'V ill2)
N o t e  t h a t  f o r  v o l u m e  d a t a  t h e s e  v a r ia n c e  w e ig h t s  r e p r e s e n t  
f u z z y  b o u n d a r ie s  b e t w e e n  c la s s i f ie d  f e a t u r e s .  I n  g e n e r a l ,  
m o s t  e d g e  a n d  h i g h e r  o r d e r  n o d e  w e ig h t s  a r e  z e r o ,  i . e .  t h e
w h e r e  c* is  t h e  c o n d i t i o n a l  p r o b a b i l i t y  v e c t o r  a s s o c ia t e d  
w i t h  n o d e  M i ,  a n d  t h e  d e n o m i n a t o r  e x p r e s s e s  t h e  f a c t  t h a t  
t h i s  e q u a t i o n  is  a  ’ ’ s u m  o f  u n i t y ”  s p a r s e  d a t a  i n t e r p o l a t i o n  
s c h e m e .  S in c e  e a c h  n o d e  r e p r e s e n t s  a  p u r e  c la s s  p r o b a b i l i t y ,  
a l l  o f  t h e  e le m e n t s  o f  i t s  a s s o c ia t e d  c* a r e  0  e x c e p t  t h e  i t h  
e n t r y ,  w h i c h  is  1 . T h e r e f o r e ,  t h e  c o n d i t i o n a l  p r o b a b i l i t y  f o r  
e a c h  e le m e n t  o f  c  r e d u c e s  t o
cH = (u )
E J=i exp (- llp - ^ ll2)
T h a t  is ,  t h e  i t h  e le m e n t  o f  c  is  s i m p l y  t h e  n o r m a l i z e d  i n t e r p o ­
l a t i o n  k e r n e l  w e ig h t  a s s o c ia t e d  w i t h  M i .  A s  s u g g e s te d  i n  S e c ­
t i o n  4 . 2 ,  t h e  m i n i m u m  d e c i s io n  b o u n d a r y  d i s t a n c e  d i s c r i m i ­
n a n t  ( E q u a t i o n  8 )  is  p e r h a p s  a  b e t t e r  q u a n t i t y  f o r  t r a n s f e r  
f u n c t i o n  c o l o r  m a p p i n g .  I n  t h i s  c a s e ,  t h e  d e n o m i n a t o r  i n  
E q u a t i o n  1 4  c a n c e ls  a n d  t h e  e x p r e s s io n  f o r  t h e  e le m e n t s  o f  
A  ( i f )  b e c o m e s  t h e  m a x i m u m  o v e r  a l l  j  ^  i .
A  i{x) =  lo g  ( f i j )  -  \ \ p ~ M j f  -  l o g ( / i i )  +  W p - M ' i f  ( 1 5 )  
w h e r e  p = T ([P(ui\x),. . . ,  P(ljc\x)]t ) , a n d  n o t e  t h a t  
-\\P-Nj\\2 =\og(P(uj\x)).
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F o r  e ach  s a m p le  in  o u r  d a ta s e t ,  id e n t if ie d  b y  its  fe a tu re  
v e c to r  Xi, th e  a s s o c ia te d  v e c to r  o f  c lass c o n d it io n a l  p r o b a ­
b i l i t ie s , &i = [P(oji\xi) , . . . ,  P(ujc\xi)}rl , is p a r a m e te r iz e d , o r 
m a p p e d  u n d e r  T(c),  in to  o u r  n e w  s p a ce  as th e  p o in t ,  p i ,  t h a t  
m in im iz e s
£(pi) = IN - t (pi)||
U n fo r tu n a te ly ,  s in c e  w e  a re  u s in g  n o n - c o m p a c t  b a s is  f u n c ­
t io n s , w h e n  a  c lass p r o b a b i l i t y  a p p ro a c h e s  1, th e  p v ec to rs  
t e n d  t o  in f in ity . T h is  is d u e  th e  fa c t  t h a t  th e  G a u s s ia n  
b a s is  f u n c t io n s  a re  n e ve r  a c tu a l ly  zero . T o  a c c o m m o d a te  
t h is  w e  a p p ly  a n  a ff in e  t r a n s fo r m a t io n  t o  th e  e le m e n ts  o f  
T ~ l (pi) t h a t  r a m p s  s m o o th ly  ze ro  as th e  v a lu e s  a p p r o a c h  
s o m e  th r e s h o ld  e. T h is  e p s ilo n  v a lu e  is th e  r e c ip ro c a l o f  
t h e  m a x im u m  im p o r t a n c e  w e ig h t  fii t h a t  o u r  s y s te m  a llow s ; 
e m p ir ic a lly , a  / imax =  200  is s u ff ic ie n t  t o  m a k e  th e  m in im iz a ­
t io n  w e ll b e h a v e d . T h e  a ff in e  t r a n s f o r m a t io n  h a s  n o  effect 
o n  th e  p la c e m e n t  o f  t h e  d e c is io n  b o u n d a r ie s , a n d  te n d s  to  
p u s h  e rro r in  th e  t r a n s fo r m a t io n  o u t  to  th e  e x tre m e ly  lo w  
c lass p r o b a b i l i t ie s , i.e. P(u>i\x) <  e —»■ 0.
T h is  m a p p in g  c a n  a l te r n a t iv e ly  b e  t h o u g h t  o f  a  r e p a r a m ­
e te r iz a t io n  o f  t h e  d a ta - sp a ce  t h a t  a llo w s  us  t o  t r iv ia l ly  c las ­
s ify  t h e  d a t a  u s in g  n o r m a l iz e d  G a u s s ia n  d is t r ib u t io n s  w i t h  
m e a n s  e q u a l t o  th e  c lass n o d e  cen te rs . T h a t  is, th e  d a t a  
s a m p le s  a re  a r r a n g e d  in  th e  n e w  s p a ce  so  th e y  a re , b y  c o n ­
s t r u c t io n ,  n o r m a l ly  d is t r ib u te d  b a s e d  o n  th e  fe a tu re  classes.
6  I m p l e m e n t a t i o n
O u r  im p le m e n ta t io n  o f  th is  w o rk  f o u n d  t h a t  d e c o u p l in g  c las ­
s if ic a t io n  a n d  tr a n s fe r  f u n c t io n  co lo r  m a p p in g  n o t  o n ly  im ­
p ro v e d  th e  f le x ib i l i ty  o f  o u r  v is u a l iz a t io n  s y s te m , b u t  a ls o  
d r a m a t ic a l ly  s im p l i f ie d  its  c o n s tr u c t io n . O u r  s y s te m  n a t u ­
r a l ly  b re a k s  u p  in t o  se v e ra l c o m p o n e n ts :  s l ic in g  a n d  p r o b in g , 
c la s s if ic a t io n  a n d  s e g m e n ta t io n , G D R  e n c o d in g , a n d  v is u a l­
iz a t io n .  W h e n e v e r  p o s s ib le , w e  le v e ra g e d  e x is t in g  to o ls  a n d  
l ib r a r ie s  t o  sp e e d  th e  d e v e lo p m e n t  a n d  p r o to ty p in g  o f  a p p l i ­
c a t io n  sp e c if ic  v a r ia n ts  o f  o u r  sy s te m .
6 .1  S l i c i n g  a n d  P r o b i n g
T h e  f irs t s te p  in  th e  v is u a l iz a t io n  o f  d a t a  u s in g  o u r  s y s te m  is 
t h e  in s p e c t io n  o f  th e  r a w  d a t a  o n  a  s lice  b y  s lice  b as is . O u r  
s lic in g  t o o l ’s in te r fa c e  is m o d e le d  a f te r  a  u se r  in te r fa c e  c o m ­
m o n ly  u s e d  fo r m e d ic a l  d a t a .  T h e re  a re  th re e  s lice  v ie w s , o n e  
fo r e a c h  ax is  o f  th e  3 D  d a t a ,  a n d  m o u s e  c licks  in  o n e  w in ­
d o w  a u to m a t ic a l ly  u p d a t e  th e  s lice  p o s it io n s  in  th e  o th e r  
tw o . T h is  t o o l  a ls o  p ro v id e s  w in d o w  a n d  le ve l c o n t r a s t  se t­
t in g s  as w e ll as s im p l is t ic  c o lo r in g  o f  m u lt i- 'v a r ia te  d a ta .  T h e  
m a in  f u n c t io n  o f  th is  to o l  is to  p r o v id e  t h e  a b i l i t y  t o  d o  fea­
tu r e /c la s s  s e le c t io n  a n d  t r a in in g  se t g e n e ra t io n . T h is  is d o n e  
b y  p r o b in g  lo c a t io n s  in  t h e  d a t a ,  o n  t h e  s lice  v ie w s , w h e re  
a  c lass is p re se n t. T h e se  p r o b e  lo c a t io n s  c a n  t h e n  b e  u se d  
t o  e s t im a te  c la s s if ic a t io n  p a r a m e te rs , o r  as t r a in in g  d a t a  for 
n o n - p a r a m e tr ic  c lass if ie rs , o r  as seed  p o in ts  fo r  s e g m e n ta ­
t io n .
6 .2  C l a s s i f i c a t i o n  a n d  S e g m e n t a t i o n
W h i le  w e  h a v e  d e v e lo p e d  se v e ra l s p e c ia liz e d  c la s s if ic a t io n  
a lg o r it h m s  o f  o u r  o w n , w e  re ly  h e a v ily  o n  a  c o l la b o r a ­
t iv e  p r o je c t  a im e d  a t  th e  d e v e lo p m e n t  o f  o p e n  so u rc e  a l­
g o r ith m s  fo r  im a g e  r e g is t r a t io n , c la s s if ic a t io n , a n d  s e g m e n ­
t a t io n  c a lle d  th e  In s ig h t  T o o lk it  ( IT K )  [10]. T h e  d e s ig n e rs  o f  
t h is  t o o lk i t  w ere  c a re fu l t o  m a k e  a  s t r o n g  d is t in c t io n  b e tw e e n  
c lass c o n d it io n a l  p r o b a b i l i t y  e s t im a t io n  a n d  d e c is io n  ru le s  
w i t h  re sp e c t t o  t h e  s t a t is t ic a l  c lass ifie rs  i t  s u p p o r ts ,  w h ic h  
m a k e s  t h e  s p e c ia l iz a t io n  o f  c la s s if ic a t io n  a n d  s e g m e n ta t io n  
a lg o r it h m s  fo r  t h e  p u r p o s e  o f  v is u a l iz in g  c lass c o n d it io n a l  
p r o b a b i l i t ie s  v e ry  c o n v e n ie n t .
6 .3  G D R  E n c o d i n g
T h e  im p le m e n ta t io n  o f  th e  G ra p h - b a s e d  D im e n s io n a l i t y  R e ­
d u c t io n  sch e m e  re p re se n te d  t h e  b u lk  o f  o u r  d e v e lo p m e n t  ef­
fo r t . E v e n  so , t h e  l ib r a r y  o n ly  c o n s is ts  o f  a p p r o x im a te ly  300 
lin e s  o f  code . W e  d e v e lo p e d  th e  l ib r a r y  t o  b e  g e n e r ic  w i t h  re­
s p e c t t o  d im e n s io n , so  i t  n a t u r a l ly  s u p p o r ts  e n c o d in g s  w i t h  
a n y  ta r g e t  d im e n s io n . A  fo rce  d ir e c te d  g r a p h  so lv e r  n a t u ­
r a l ly  le n d s  its e lf  t o  le a s t- sq u a re d , im p l ic i t  s o lu t io n s . H o w ­
ever, g iv e n  th e  r e la t iv e ly  lo w  n u m b e r  o f  n o d e s  t h a t  w e  ne ed  
t o  la y o u t  ( ty p ic a l ly  b e tw e e n  t e n  a n d  o n e  h u n d r e d ) ,  w e  f o u n d  
t h a t  a  t im e  d e p e n d e n t  e x p l ic i t  so lv e r  p e r fo rm s  q u i te  w e ll. 
T h e  a d v a n ta g e  o f  u s in g  a n  e x p l ic i t  so lv e r  is in  t h e  s im p l ic ­
i ty  o f  its  im p le m e n ta t io n .  T h e  d is a d v a n ta g e  is t h a t  e x p lic it  
so lve rs  c a n  t e n d  t o  g e t s tu c k  in  lo c a l m in im a ,  w h ic h  c a n  
b e  re so lv e d  u s in g  s im u la te d  a n n e a l in g  r a n d o m iz a t io n .  O u r  
so lv e r  is i te r a t iv e , w i t h  a n  a d a p t iv e  t im e s te p  p r o p o r t io n a l  
t o  th e  m a x im u m  fo rce  over a l l  n o d e s . O u r  so lv e r  b e g in s  
b y  in i t i a l iz in g  a l l  c lass n o d e s  t o  r a n d o m  p o s it io n s . A t  each  
t im e s te p  th e  c lass n o d e  p o s it io n s  a re  u p d a t e d  b y
N
&  ' = &  + -------- ^ -- rnr- rr E  vitiiMj)
1 +  a  m a x *  = i  v W k ,  Mj) 3 =  1
w h e re  a  is a  sca le  t e r m , in  o u r  s y s te m  w e  cho o se  A t  =  1 
a n d  a  =  10. A l l  h ig he r- o rd e r  v a r ia n c e  n o d e s  a re  c o n s t r a in e d  
t o  th e  av e rag e  p o s i t io n  o f  th e  c lass n o d e s  w h o se  v a r ia n c e  
th e y  re p re se n t, th e re fo re  a f te r  e a c h  t im e  s te p , w e  u p d a te  
th e  p o s it io n s  o f  th e se  n o d e s  a c c o rd in g ly . T h e  i t e r a t io n  p r o ­
ceeds u n t i l  t h e  e n e rg y  f u n c t io n  £ ( ,\r2 , ■ ■ ■, A rc )  is n o  lo n g e r  
d e c re a s in g . W e  t h e n  re c o rd  t h e  g r a p h  c o n f ig u r a t io n  a n d  th e  
v a lu e  o f  t h e  e n e rg y  f u n c t io n ,  a n d  r a n d o m iz e  se v e ra l o f  th e  
c lass n o d e  p o s it io n s  a n d  m in im iz e  t h e  n e w  c o n f ig u r a t io n . W e  
p e r fo rm  th is  p rocess  o f  m in im iz a t io n  a n d  r a n d o m iz a t io n  sev ­
e ra l t im e s , g e n e ra lly  10, a n d  r e tu r n  th e  c o n f ig u r a t io n  w i t h  
m in im a l  energy .
T h e  e n c o d in g  s te p , p = T(c),  is a ls o  ex p re ssed  as a  m in ­
im iz a t io n .  T h is  to o , c a n  b e  im p le m e n te d  as a n  i te r a t iv e  
so lve r . W e  a c c o m p l is h  th is  b y  f irs t s e le c t in g  a n  in i t i a l  p as
i ? = f > i C [ i ]
T h e  u p d a t e  s te p  is
p =  p + Ar,
w h e re  «4 () is a n  a f f in e  t r a n s fo r m a t io n  m a p p in g  th e  r a n g e  
[e, 1] —»■ [0,1], a n d  s is a  sca le  te r m  p r o p o r t io n a l  t o  th e  i te r a ­
t io n  n u m b e r .  E m p ir ic a l ly ,  w e  h a v e  f o u n d  t h a t  s =  (1  + n ) /2  
g ives e x ce lle n t re su lts , w h e re  n  is t h e  i t e r a t io n  n u m b e r . B e ­
cause  o u r  in ve rse  m a p p in g ,  T _ 1 , is s m o o th ,  t h is  o p t im iz a ­
t io n  converges  q u ic k ly . F iv e  ite r a t io n s  is g e n e ra lly  e n o u g h  to  
a ch ie ve  a n  a c c e p ta b le  R M S  e rro r, id e a l ly  th is  e rro r  s h o u ld  
b e  a p p r o x im a t e ly  e. F o r  in s ta n c e , th e  4 D  G D R  e n c o d in g  
o f  th e  B r a in W e b  P h a n t o m  c la s s if ie d  d a t a  a ch ieve s  a n  R M S  
e rro r o f  .0004 , w i t h  a n  e =  .0003 .
6 .4  V i s u a l i z a t i o n
O u r  r e n d e r in g  s y s te m  is a  s im p le  s in g le  p ass  h a r d w a r e  ra y  
cas te r. W h e n  t h e  n u m b e r  o f  classes b e in g  v is u a l iz e d  is f ive  o r  
less, w e  d o  n o t  re q u ir e  a  G D R  e n c o d in g  o f  t h e  p o s te r io r  p r o b ­
a b il i t ie s . S in c e  w e  k n o w  t h a t  P ( u c\x) =  1 — P(ui\x) ,  
w e c a n  s im p ly  u se  a  4 D  dataspace ( R G B A  te x tu r e )  fo r  fo u r  
classes, a n d  e a s ily  d e r iv e  t h e  f i f t h  c la s s ’s p r o b a b i l i t y .  W h e n  
u s in g  G D R  e n c o d e d  d a t a ,  t h e  f irs t s te p  in  r e n d e r in g  a  s a m p le  
is d e c o d in g . R e c a l l  t h a t  s in c e  w e  w a n t  th e  m in im u m  d e c is io n  
b o u n d a r y  d is ta n c e , A(x),  w e  d o  n o t  n e e d  t o  a c tu a l ly  d e co d e  
t h e  c lass c o n d it io n a l  p r o b a b i l it ie s  (see E q u a t io n  15 ). T h e  
a lg o r it h m  fo r c o m p u t in g  A  f r o m  G D R  e n c o d e d  d a t a  c a n  be
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c o m p u t e d  e f f i c i e n t l y  b y  l o o p in g  o v e r  t h e  c la s s e s  t w ic e .  T h e  
f i r s t  l o o p  c o m p u t e s  l o g ( / t , ; )  +  l o g ( P ( w , ; | x ) )  a n d  s a v e s  o f f  t h e  
m a x i m u m  a n d  s e c o n d  m a x i m u m  o f  t h e s e  v a lu e s .  T h e  s e c o n d  
l o o p  c o m p le t e s  t h e  c o m p u t a t i o n  o f  A  =  L  b y  s u b t r a c t i n g  t h e  
r e s p e c t i v e  l o g ( / i , ; ) + l o g ( P ( w , ; | x ) )  f r o m  t h e  m a x i m u m  o f  t h e s e  
v a lu e s ,  u n le s s  t h i s  t e r m  is  a l r e a d y  t h e  m a x im u m ,  i n  w h i c h  
c a s e  w c  u s e  t h e  s e c o n d  m a x im u m .  T h i s  s m a l l  o p t i m i z a t i o n  
c o n v e r t s  t h e  c o m p u t a t i o n  o f  A  f r o m  a n  0 ( C 2 ) t o  a n  O ( C )  
a l g o r i t h m .
O n c e  t h e  A ( x )  v e c t o r  h a s  b e e n  c o m p u t e d ,  t h e  t r a n s f e r  
f u n c t i o n  c a n  b e  e v a l u a t e d  a s  C  s e p a r a b le  I D  o p a c i t y  f u n c ­
t i o n s ,  o r  lo o k u p s .  T h e  d o m a i n  o f  t h e s e  I D  t r a n s f e r  f u n c t i o n s  
is  [ — l o g ( / i m a x ) ,  l o g ( / i m a x ) ] ,  w h e r e  n e g a t i v e  v a lu e s  i n d i c a t e  
t h a t  t h e  c la s s  is  t h e  m i n i m u m  r i s k  c la s s  a n d  0  is  t h e  d e c i s io n  
b o u n d a r y .
7  R e s u l t s  a n d  D i s c u s s i o n
C o lo r  m a p p i n g  b a s e d  o n  t h e  d e c i s io n  b o u n d a r y  d i s t a n c e  
t e r m  h a s  a  n u m b e r  o f  a d v a n t a g e s .  U n l i k e  t h e  r a w  c la s s  
c o n d i t i o n a l  p r o b a b i l i t i e s ,  t h i s  t e r m  t a k e s  i n t o  a c c o u n t  t h e  
r e la t i o n s h ip s  b e t w e e n  t h e  c la s s  p r o b a b i l i t i e s  f o r  e a c h  s a m p le  
a n d  a  u s e r  d e f in e d  i m p o r t a n c e  f o r  e a c h  c la s s .  T h i s  m e a n s  
t h a t  t h e  t r a n s f e r  f u n c t i o n  c a n  b e  e v a l u a t e d  f o r  e a c h  c la s s  
i n d e p e n d e n t l y ,  i . e .  w c  n e e d  o n l y  d e s ig n  a  s im p l e  I D  t r a n s f e r  
f u n c t i o n  f o r  e a c h  c la s s .  F u r t h e r m o r e ,  t h a n k s  t o  i t s  w e l l -  
d e f in e d  b e h a v io r ,  w c  c a n  d e f in e  t r a n s f e r  f u n c t i o n s  b a s e d  o n  
d e c i s io n  b o u n d a r y  d i s t a n c e  i n  a d v a n c e ,  a n d  a p p l y  t h e m  t o  
c la s s e s  a s  e f f e c t s  o r  p r o f i l e s .  F o r  in s t a n c e ,  i f  w c  d e s i r e  a  
s u r f a c e - l i k e  r e n d e r in g ,  t h e  o p a c i t y  f u n c t i o n  f o r  a  p a r t i c u l a r  
c la s s  is  s i m p l y  a  d i r a c  d e l t a  c e n t e r e d  a t  0 . T h i s  c a n  b e  i m ­
p l e m e n t e d  r o b u s t l y  u s i n g  a  s in g le  p r c i n t c g r a t c d  is o s u r f a c e  
l o o k u p  t a b le ,  w h i c h  c a n  b e  u s e d  f o r  a l l  c la s s e s  t h a t  a r c  t o  b e  
r e n d e r e d  i n  t h i s  w a y .  A l t e r n a t i v e l y ,  t h i s  c a n  a ls o  b e  d o n e  b y  
d e t e c t i n g  a  A i ( x )  z e r o - c r o s s in g  b e t w e e n  t w o  a d ja c e n t -  s a m ­
p le s  a lo n g  t h e  v i e w i n g  r a y ,  a n  e x a m p le  o f  r i s k - s u r f a c c s  r e n ­
d e r e d  u s i n g  t h i s  m e t h o d  c a n  b e  s e e n  i n  F i g u r e  7 . F o r  t w o  
s id e d  r is k - s u r f a c c s ,  w c  n e e d  o n l y  m o v e  t h e  d e l t a  f u n c t i o n  t o  a  
s l i g h t l y  n e g a t i v e  X i ( x )  v a lu e ,  s o  t h a t  e a c h  c la s s ’ r i s k - s u r f a c c  
a p p e a r s  a t  a  s l i g h t l y  d i f f e r e n t -  p o s i t i o n  t - h a n  t h o s e  w h o  s h a r e  
t h a t  b o u n d a r y .  I f  w c  d e s i r e  a  m o r e  t r a d i t i o n a l  f u z z y  r e n d e r ­
in g ,  a  s u i t a b le  o p a c i t y  f u n c t i o n  c a n  b e  a n y  m o n o t o n i c a l l y  
d e c r e a s in g  f u n c t i o n  b a s e d  o n  — A i ( x ) .
Low Sensitivity U  High
Figure 7: Selected risk-surfaces from the classified BrainWeb Phan­
tom "fuzzy data", color mapped based on sensitivity (a measure of 
uncertainty in the decision boundary position). The data used for 
the renderings is a 4D GDR encoding of ten material classes.
O f t e n ,  w h e n  p r o b a b i l i s t i c  d a t a  is  p r e s e n t e d  g r a p h i c a l l y ,  
it- is  a ls o  s h o w n  w i t - h  e r r o r  b a r s  i n d i c a t i n g  s o m e  c o n f id e n c e
i n t e r v a l  o r  s e n s i t i v i t y  W c  c a n  c r e a t e  a  k i n d  o f  3 D  a n a lo g u e  
b y  d i s p l a y i n g  m u l t i p l e  r i s k - s u r f a c c s  f o r  a  c la s s  at- o n c e ,  b y  
v a r y i n g  /m . T h e s e  c o n c e n t r i c  r i s k - s u r f a c c s  p r o v id e  a  v i s u a l  
i n d i c a t i o n  o f  t -h c  s e n s i t i v i t y  o f  t -h c  b o u n d a r y  t e s t .  T h a t -  is ,  i t  
s h o w s  h o w  t-h c  b o u n d a r y  w o u ld  c h a n g e  i f  s o m e  c la s s  u) t  w a s  
f i t  t im e s  m o r e  l i k e ly .  W h e n  t -h c  c o n t o u r s  a r c  p a c k e d  c lo s e ly  
t o g e t h e r ,  w c  s e e  t h a t  t -h c  d e c i s io n  b o u n d a r y  is  w e l l  d e f in e d .  
W h e n  t -h c  c o n t o u r s  a r c  s p r e a d  o u t - ,  w c  s e e  t h a t  t -h c  b o u n d a r y  
is  s e n s i t i v e  t-o  s m a l l  c h a n g e s  i n  c la s s  l i k e l i h o o d s ,  i n d i c a t i n g  
t h a t  t -h c  e x a c t -  p la c e m e n t -  o f  t -h c  d e c i s io n  b o u n d a r y  is  le s s  
r e l i a b le .  W c  c a n  a ls o  d e r iv e  a  l o c a l  m e a s u r e  o f  s e n s i t i v i t y  
t h a t  c a n  b e  u s e d  f o r  c o l o r i n g  t -h c  r i s k  s u r fa c e s  t-o  h ig h l i g h t -  
r c g io n s  w h e r e  t -h c  b o u n d a r y  p la c e m e n t -  is  le s s  c e r t a in .  T h e  
m e a s u r e  w c  u s e  is  s ( x )  —  l / | | V A . , ; ( x ) | | ,  l a r g e r  v a lu e s  o f  s ( x )  
i n d i c a t e  a  h i g h e r  s e n s i t i v i t y  i n  t -h c  s p a t i a l  b o u n d a r y  lo c a ­
t i o n  w i t - h  r e s p e c t -  t-o  s m a l l  c h a n g e s  i n  f i t . C o n f i d e n c e  i n t e r ­
v a ls  a r c  a n o t h e r  w a y  o f  g e n e r a t i n g  r i s k - b o u n d a r y  e r r o r  b a r s .  
C o n f i d e n c e  i n t e r v a l s  c a n  b e  m e a s u r e d  i n  t e r m s  o f  t -h c  v o l ­
u m e  e n c lo s e d  b y  a  d e c i s io n  b o u n d a r y  w i t - h  r e s p e c t -  t-o  /m . 
W c  c o m p u t e  c o n f id e n c e  i n t e r v a l s  b y  g e n e r a t i n g  a  h i s t o g r a m  
f o r  t -h c  r a n g e  o f  f i t  f r o m  [ l / ^ i m a x ,M m a x ] ,  w h e r e  e a c h  b i n  is  
s i m p l y  t -h c  n u m b e r  o f  s a m p le s  i n  t -h c  d a ta s e t -  w i t - h  a  n e g a ­
t i v e  A i ( x )  v a lu e s  g i v e n  t -h c  c o r r e s p o n d i n g  f i t . T h e  9 5 %  c o n ­
f id e n c e  i n t e r v a l  is  t -h c  d e c i s io n  b o u n d a r y  f o r  t -h c  /m  w h o s e  
v o l u m e  h i s t o g r a m  c o u n t-  is  9 5 %  o f  t -h c  f i m a x  h i s t o g r a m  b i n  
c o u n t -  F i g u r e  8  s h o w s  e x a m p le s  o f  e a c h  o f  t h e s e  m e t h o d s  
a s  w e l l  a s  a  m o r e  t r a d i t i o n a l  a p p r o a c h  t-o  c o l o r  a n d  o p a c i t y  
s p e c i f i c a t io n .  N o t i c e  t h a t  t -h c  f u z z y  m e t h o d  r a m p s  c o l o r  t-o 
b l a c k  a s  A  a p p r o a c h e s  0 . T h i s  g iv e s  u s  y e t-  a n o t h e r  v i s u a l  
i n d i c a t i o n  o f  u n c e r t a i n t y  w h e n  t -h c  b l a c k  b o u n d a r y  is  t - h ic k ,  
t -h c  p la c e m e n t -  o f  t -h c  d e c i s io n  s u r f a c e  i n  t -h is  r e g io n  is  le s s  
c e r t a in .
B e c a u s e  t -h c  r c p a r a m c t - c r i z c d  d a t - a s p a c c  is  a n  e n c o d i n g , 
t r a n s f o r m a t i o n s  t-o  t -h c  d a t a ,  s u c h  a s  s c a l in g  a n d  b ia s  o r  
q u a n t i z i n g ,  m u s t-  a ls o  b e  a p p l i e d  t-o  t -h c  n o d e  c e n t e r s .  W c  
h a v e  f o u n d  t -h is  t-o  b e  q u i t e  e a s y  i f  w c  s i m p l y  e n c o d e  t -h c  c e n ­
t e r s  a s  p a r t -  o f  t -h c  d a ta s e t - ,  f o r  i n s t a n c e  a p p e n d e d  t-o  t -h c  e n d  
o f  t -h c  f i l e  o r  s c t - t - in g  t -h c  f i r s t -  f e w  s a m p le s  t-o  b e  t -h c  ( p a r a m ­
e t e r i z e d )  n o d e  c e n t e r s .  O f  c o u r s e ,  t -h is  t e c h n i q u e  is  f r a g i l e  
w i t - h  r e s p e c t -  t-o  s p a t i a l  t r a n s f o r m a t i o n s ,  s u c h  a s  r e s a m p l i n g  
a n d  c r o p p i n g .
8  C o n c l u s i o n  a n d  F u t u r e  W o r k
T h i s  p a p e r  d e s c r ib e s  a  k e y  w a y  i n  w h ic h  d o m a i n  s p e c i f i c  
c l a s s i f i c a t i o n  a n d  s e g m e n t a t io n  c a n  b e  i n t e g r a t e d  w i t - h  s t a t e  
o f  t -h c  a r t-  v o l u m e  v i s u a l i z a t i o n  t e c h n iq u e s .  B y  d e c o u p l i n g  
c la s s i f i c a t i o n  a n d  c o l o r  m a p p i n g ,  c l a s s i f i c a t i o n  c a n  b e  a c ­
c o m p l i s h e d  i n d e p e n d e n t l y  o f  c o l o r  m a p p i n g ,  a l l o w i n g  a p p l i ­
c a t i o n  s p e c i f i c  s o l u t i o n s  t-o  e v o lv e  w i t h o u t -  c o n c e r n  f o r  t-h c  
c u r r e n t -  l i m i t a t i o n s  o f  t r a n s f e r  f u n c t i o n - b a s e d  v o l u m e  r e n ­
d e r in g .  T h e  t r a n s f e r  f u n c t i o n  in t e r f a c e  a ls o  is  d r a m a t i c a l l y  
s i m p l i f i e d ,  n o t-  o n l y  is  t -h c  f e a t u r e  s p a c e  b r o k e n  d o w n  in t - o  i n ­
d e p e n d e n t -  c o m p o n e n t s ,  b u t -  t h e s e  c o m p o n e n t s  h a v e  s e m a n t ic  
m e a n i n g  t-o  t -h c  u s e r .  W c  s h o w  t h a t  d e f e r r i n g  t -h c  d e c i s io n  
s t e p  o f  t -h c  c la s s i f i c a t i o n  p i p e l i n e  u n t i l  r e n d e r - t i m e  c a n  p r o ­
v id e  t -h c  u s e r  w i t - h  t -h c  a b i l i t y  t-o  m a n i p u l a t e  t -h c  d e c i s io n  
m a k i n g  p r o c e s s  a n d  i n v e s t i g a t e  u n c e r t a i n t y  i n  t -h c  c la s s i f ic a ­
t i o n .  W c  a ls o  a d d r e s s  t -h c  in c r e a s e  i n  d a t a  set- s iz e ,  d u e  t-o  
t -h c  n e e d  t-o  s t o r e  e a c h  c la s s ’ p r o b a b i l i t i e s  in d e p e n d e n t l y ,  b y  
d e v e lo p i n g  a  d a t a  d i m e n s i o n a l i t y  r e d u c t i o n  t e c h n i q u e  s p e c i f ­
i c a l l y  d e s ig n e d  t-o  a c c u r a t e l y  e n c o d e  p r o b a b i l i s t i c  im a g e  d a t - a  
a n d  e f f i c i e n t l y  d e c o d e  a f t e r  r e s a m p l i n g  d u r i n g  t -h c  r e n d e r i n g  
p h a s e  o f  t -h c  v i s u a l i z a t i o n  p ip e l i n e .
9  A c k n o w l e d g e m e n t s
W c  w i s h  t-o  a c k n o w le d g e  R a n d a l  F r a n k ,  M a r k  D u c h a in c a u ,  
a n d  V a le r i o  P a s c u c c i  f o r  p r o v i d i n g  s u b s t a n t i a l  s u p p o r t -  a n d
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■ m  i m  exh m  m  ■ i ■ c c  izzi c c
Fuzzy color-map Sensitivity Confidence Intervals Sensitivity Confidence Intervals
Figure 8: A comparison of rendering profiles. Subfigure A shows a "fuzzy" volume rendering color-mapped based on lambda for white matter. 
Subfigure B shows the risk-surface (lambda equal 0) for white matter color-mapped based on sensitivity (change in boundary position per 
unit change in importance). Subfigure C shows confidence intervals based on percent change in importance. Subfigures D and E show various 
features classified/segmented in the engine dataset. D shows sensitivity color mapping applied to the valve guides. E shows the coolant chamber 
of the engine rendered using confidence intervals.
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